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Introduction

•graphicalmodelsareusedandstudiedinvariousfields

(e.g.,machinelearning;error-correctingcoding;statisticalphysics;

computervision)

•followingproblemsareimportantbutdifficult:

(a)computingmarginaldistributions

(b)estimatingmodelparametersfromdata

•roleofvariationalmethods

(a)meanfieldmethods(e.g.,Jordanetal.,1999)

(b)Bethe/Kikuchiapproximationsandvariations

(e.g.,Yedidiaetal.,2001;Minka,2001;McEliece&Yildirim,2002,

Pakzad&Anantharam,2002)



Overview

PossibleconcernswiththeBethe/Kikuchiproblemsandvariations?

(a)lackofconvexity⇒multiplelocaloptima,andsubstantial

algorithmiccomplications

(b)failuretoboundthelogpartitionfunction



Overview

PossibleconcernswiththeBethe/Kikuchiproblemsandvariations?

(a)lackofconvexity⇒multiplelocaloptima,andsubstantial

algorithmiccomplications

(b)failuretoboundthelogpartitionfunction

Goal:Techniquesforapproximateinferenceandparameter

estimationbasedon:

(a)convexvariationalproblems⇒uniqueglobaloptimum

(b)relaxationsofexactproblem⇒upperboundonlogpartition

function



Variationalapproach

Basicidea:Representaquantityofinterestẑasthesolutionof

anoptimizationproblem:

(a)studyẑviatheoptimizationproblem.

(b)approximateẑbyapproximatingtheoptimizationproblem.

Goal:Obtainavariationalrepresentationfor:

(a)thelogpartitionfunction.

(b)theinferenceproblemofcomputingµα:=
∑

xp(x)φα(x).



Classicalformofconvexduality

•letPbethesetofallpossibledistributionsoverx

•logpartitionfunctioncanberecoveredasamaximumentropy

problemoverP:

logZp=max
q∈P

{∑

x

q(x)
[∑

α

θαφα(x)
]
+H(q)

}

whereHistheusual(Boltzmann-Shannon)entropy

H(q):=−
∑

x∈Xn

q(x)logq(x).

•equivalenttotheassertionmin
q∈P

D(q‖p)=0.



Exponentialrepresentations

Parameterizedfamilyofdistributions:

p(x;θ)=exp
{∑

α

θαφα(x)−Φ(θ)
}

Logpartitionfunction:

Φ(θ)=log
(∑

x∈Xn

exp{
∑

α

θαφα(x)}
)

φ={φα|α∈I}≡collectionofpotentialfunctions

θ={θα|α∈I}≡weightsonpotentials



Specialcase:Isingmodel

Binaryvariablesonagraphwithpairwisecliques
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φ={xs|s∈V}∪{xsxt|(s,t)∈E}

I=V∪E

X
n

={0,1}
n

p(x;θ)=exp

{∑

s∈V

θsxs+
∑

(s,t)∈E

θstxsxt−Φ(θ)

}



Analternativeview

Idea:Thinkaboutoptimizationnotintermsofdistributionsp,

butratherintermsofonlythemeanparameters:

µα:=
∑

x

p(x)φα(x)

Question:Whatistherelevantconstraintset?

Amarginalpolytopeisasetofrealizableorgloballyconsistent

marginals:

MARG(G;φ)=
{
µ∈R

d∣∣
µ=

∑

x∈Xn

p(x)φ(x)forsomep(·)
}



Isingmodelexample
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Potentialsφ={xs|s∈V}∪{xsxt|(s,t)∈E}

Relevantmarginalsµs=Eθ[xs]µst=Eθ[xsxt]

Associatedconstraintsetisknownasthecorrelationpolytopeor

thebinaryquadricpolytope.(e.g.,Deza&Laurent,1997)



Geometryandmomentmapping

PSfragreplacements

R
dMARG(G;φ)

θµ



Variationalprincipleintermsofmarginals

•thedualtoΦ(θ)hastheform:

Φ
∗
(µ)=




−H(p(x;θ(µ)))ifµ∈MARG(G;φ)

+∞otherwise.

•leadstoarepresentationofΦintermsofΦ
∗
:

Φ(θ)
︸︷︷︸

=max
µ∈MARG(G;φ)

{〈µ,θ〉−Φ
∗
(µ)}

︸︷︷︸

logpartitionfunction
maximumentropyproblemover

marginalpolytope

•moreover,maximumisattaineduniquelyatdesiredmarginals:

µα=
∑

x∈Xn

p(x;θ)φα(x)=Eθ[φα(x)].



Convexrelaxations

Strategy:Obtainupperboundsbyrelaxationoforiginalproblem.

Requirements:

(a)convexouterapproximationtomarginalpolytope

MARG(G;φ).

(b)concaveupperboundonentropyfunction−Φ
∗
(µ).

Tools:

(a)treeandhypertreeapproaches(Bethe/Kikuchietc.)

(b)semidefinitemethods

(c)combinationofsemidefiniteandhypertreemethods



Semidefiniteouterboundsonmarginalpolytopes

Focuson:
(a)binarycasewith“spins”x∈{−1,+1}

n
.

(b)completegraphKnonnnodes.

RefertotheassociatedmarginalpolytopeasMARG(Kn).

Relevantmarginals:
µs=Eθ[xs]foralls=1,...n

µst=Eθ[xsxt]forall(s,t)

Semidefiniteouterboundsonbinarymarginalpolytope.

(e.g.,Laurent,2001;Lasserre,2001;Parrilo,2002)



Firstorder:Optimizingovercovariancematrices

Thecovariancematrixofxmustbepositivesemidefinite:

cov(x)=E[xx
T
]−E[x]E[x

T
]º0

BySchurcomplement,equivalenttoenforcePSDconstrainton

E
{


1

x



[
1x

]}
=











1|µ1µ2µ3···µn

−−−−−−−−−−−−−−

µ1|1µ12µ13···µ1n

µ2|µ211µ23···µ2n

µ3|µ31µ321
..
.µ3n

..

.|
..
.

..

.
..
.

..

.
..
.

µn|µn1µn2µn3···1













Illustrativeexample

Tree-consistent

(pseudo)marginals
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Second-order

momentmatrix





µ1µ12µ13

µ21µ2µ23

µ31µ32µ3



=





0.50.40.1

0.40.50.4

0.10.40.5





Notpositive-semidefinite!



Concaveupperboundonentropy

Challenge:Recallthatentropyfunction−Φ
∗
(µ)intermsofonly

µlacksanexplicitform.

FortheIsingmodel,wehavesecond-orderinformation:

µs:=E[xs]∀s∈V,µst:=E[xsxt]∀(s,t)∈E

Lemma:Thedifferentialentropyofanyx̃isupper-bounded

bythecovariance-matchedGaussianasfollows:

h(x̃)≤
1

2
logdetcov(x̃)+

n

2
log(2πe)

Note:Thedifferentialentropyh(x̃):=−
∫
p(x̃)logp(x̃)dx̃.



Log-determinantrelaxation

ConsideranouterboundOUT(Kn)thatsatisfies:

MARG(Kn)⊆OUT(Kn)⊆SDEF1(Kn)

LetM1(µ)∈OUT(Kn)beacovariancematrix.Notethatconstraints

implythatM1[µ]º0.

Log-detrelaxation:ForanysuchOUT(Kn),Φ(θ)isupper

boundedby:

max
µ∈OUT(Kn)

{
〈θ,µ〉+

1

2
logdet

[
M1(µ)+

1

3
blkdiag[0,In]

]}
+
n

2
log(

πe

2
)

Note:Suchalog-detproblemwithLMIconstraintscanbesolved

efficientlybyaninterior-pointmethod.(Vandenberghe,Boyd,&Wu,1998)



Resultsforfullyconnectedgraph

ProblemtypeMethod

Sum-productLog-determinant

Coup.Str.Mean±stdRangeMean±stdRange

−Weak0.037±0.015[0.01,0.10]0.020±0.005[0.01,0.03]

−Strong0.071±0.032[0.03,0.20]0.018±0.005[0.01,0.04]

+/−Weak0.004±0.005[0.00,0.04]0.020±0.005[0.01,0.03]

+/−Strong0.055±0.060[0.01,0.31]0.021±0.010[0.01,0.06]

+Weak0.024±0.016[0.00,0.08]0.027±0.015[0.01,0.06]

+Strong0.435±0.196[0.08,0.86]0.033±0.019[0.01,0.09]



Resultsfornearest-neighborgrid

ProblemtypeMethod

Sum-productLog-determinant

Coup.Str.Mean±stdRangeMean±stdRange

−Weak0.294±0.124[0.04,0.59]0.047±0.028[0.01,0.12]

−Strong0.342±0.167[0.04,0.78]0.041±0.030[0.00,0.12]

+/−Weak0.014±0.024[0.00,0.20]0.016±0.004[0.01,0.02]

+/−Strong0.095±0.111[0.01,0.54]0.038±0.024[0.01,0.11]

+Weak0.440±0.200[0.06,0.90]0.047±0.030[0.00,0.13]

+Strong0.520±0.226[0.06,0.94]0.042±0.031[0.00,0.12]



Sum-productversuslog-determinant
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Summary

•roleofmeanparametersandmarginalpolytopesinvariational

principle

•log-determinantrelaxationforapproximateinference

•openquestions:

(a)relativerolesofapproximationstoMARG(G)andentropy

bound

(b)performanceguaranteesforspecificproblemclasses:linkto

integerprogrammingresults(e.g.,Goemans&Williamson,1995)

(c)fasterdistributedtechniquesforsolvingrelaxations
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Supplementarymaterial



Higherorderextensions

1.Momentmatricesinvolvinghigher-ordermultinomials.

Example:

cor
(
1,x1,x2,x1x2

)
=






1µ1µ2µ12

µ11µ12µ2

µ2µ121µ1

µ12µ2µ11





º0

2.FormoregeneraldiscretespacesX={0,1,...,m−1},

considercorrelationsamongvectorsofmonomials:

P(s)={xs,x
2
s,...,x

m−1
s}



Zerotemperaturelimit

Forfixedθ,considerthe1-parameterfamilyofdistributions:

p(x;βθ)=exp
{
β〈θ,φ(x)〉−Φ(βθ)

}

Hereβshouldbeviewedasinverse“temperature”.
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LinktoSDPrelaxationforintegerprogramming

Forallβ>0,
1
βΦ(βθ)isupperboundedbythefollowing:

1

β
max

µ∈OUT(Kn)

{
〈βθ,µ〉+

1

2
logdet

[
M1(µ)+

1

3
blkdiag[0,In]

]}
+C

Takinglimitsasβ→∞correspondstocomputingarecessionfunction.

(Rockafellar,1970)

Resultisawell-knownSDPrelaxationforintegerprogramming:

max
x∈Xn〈θ,φ(x)〉≤max

µ∈OUT(Kn)
〈θ,µ〉

Forstrongcoupling,behavioroflog-detrelaxation(forinference)

approachesthatofaSDPrelaxationforintegerprogramming.


